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Preface
At both the level of simple analogy, and at the level of deep underlying techniques,
probability and harmonic analysis are intimately related. An abundance of literature already exists concerning this point. The purpose of this monograph is to
elucidate several more instances of this relationship.
Much of what we present in Chapters 2-6 of this monograph is drawn from
several papers of the authors as well as two joint papers of the authors and Ivo
Klemes, although some results here are new. We will attempt to unify all these
results. We do this not only by eliminating the overlap in these works, but by
improving and refining our techniques. However, it is our goal to present more
than just theorems from all these sources. Additionally, we wish to explain the
connections between theorems, historical precedents of the theorems, the related
directions other authors have taken, and present conjectures and areas for further
study. Of paramount importance is our objective to clarify the probabilistic ideas
and techniques which are at the heart of most of the results herein. Naturally, the
work of numerous other authors is involved in many ways: as historical precedent,
as motivation for many of the results and as indispensable parts of the proofs,
techniques and ideas. These works will be discussed in the appropriate places and
copious references will be given.
Throughout, we will consider harmonic functions u defined on the upper half
space ~++1 = {(x,t): x E ~n, t> a}. Most of what we do is also valid for caloric
functions, that is, for functions on ~++1 which are solutions of the heat equation.
However, our primary focus will be on harmonic functions and since most of the
results on caloric functions involve minor modifications of the corresponding results
for harmonic functions, they will usually be relegated to the status of remarks.
For a > 0 we set r ",(x) = {(s, t) E ~++1: Ix - sl < at}, which is a cone with
vertex:, at (x, 0) and vertical axis {(x, t) : t > O}, and for u harmonic on ~++1 we
set
N",u(x) = sup{lu(s, t)1 : (s, t) E r ",(x)}
and

A",u(x) = (

r

1

IVu(s, tWtl-ndsdt)

"2

Jr",(x)

These are the classical nontangential maximal function of u and the Lusin area
function of u, respectively. If u is the Poisson extension of a function j on ~n,
we will often write N",j and A",j instead of N",u and A",u. The corresponding
nontangential maximal function and Lusin area function for caloric functions are
a slight variant of these and will be defined at an appropriate point later.
vii

viii
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Let Xt be a continuous martingale starting at 0 and set X; = sUPo<s<t IXsl,
X* = SUPt>o IXtl, St(X) = (X):/2 and S(X) = (X)~2, where (X)t is the quadratic variation process of X t at time t. We shall always assume that these martingales are with respect to the filtration of Brownian motion and that Xo = o.
That X* behaves analogously to No.u and S(X) behaves like Ao.u is well appreciated and has been an important issue in probability and analysis, especially in
the last 25 years. In this monograph, we continue in this direction.
In their ground-breaking paper [BGl]' Burkholder and Gundy showed that
the random variables X* and S(X) satisfy certain inequalities relating their distribution functions. These are now commonly called good-A inequalities. (See also
Burkholder [Bul], [Bu3].) In the harmonic function setting the first good-A inequalities were also proved by Burkholder and Gundy [BG2]. They were subsequently
improved and refined by, among others, Burkholder [Bu4], Dahlberg [Da2], Fefferman, Gundy, Silverstein and Stein [FGSS], and Murai and Uchiyama [MU]. They
were proved for caloric functions by A.P. Calderon and A. Torchinsky in [CT]. We
shall also show such good-A inequalities, but those we present here will be, in a
sense to be made precise later, the sharpest possible attainable. These will involve
what are known as "subgaussian" type estimates and in this regard are a perfect
analogue of results first proved in the martingale setting. The advantage of these
"subgaussian" estimates is that, just as in the case of martingales, they lead to
laws of the iterated logarithm (LIL's) for harmonic functions. These LIL's will very
precisely measure the relative growth of truncated versions of Nau and Aau. In
this way, the LIL's can be thought of as refinements of the classical theorem of
Calderon and Stein which says that, up to sets of Lebesgue measure zero, the area
function and the nontangential maximal function are finite or infinite on the same
sets. This result also provides a harmonic analysis analogue of Kolmogorov's celebrated LIL for sequences of independent random variables as well as an analogue
of Stout's [Sto] LIL for discrete martingales.
But what we present here will be more than just simple analogy. Our techniques will demonstrate the symbiosis enjoyed by harmonic analysis and probability. One of our good-A inequalities, and one of our LIL's involve sharp estimates
which control N by A. To prove these two results, we will actually reduce to
the case of martingales. The strategy is a bit complicated and will be explained
in detail in Chapter 2. The basic idea is to approximate u(x,2- n ) by a dyadic
martingale fn with an error less than a truncated version of Aau(x). This error
is small enough so that results on martingales (in our case, good-A inequalities
and LIL's) can be transferred to the harmonic function setting. Our methods are
a refinement of those introduced by Chang, Wilson and Wolff [CWW] to study
the exponential square integrability of functions whose area function is bounded.
These ideas are analogous to the invariance principle of Philipp and Stout [PS2].
Indeed, Philipp and Stout consider sequences of random variables {Xn} (such as
weakly dependent random variables, lacunary series, etc.) and set Ut = 2:n<tXn.
They then show that under various conditions on X n , the process {Ut : t;::: o}
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may be redefined, without changing its distribution, on a richer probability space
together with standard Brownian motion {Wt : t ~ O} such that

almost surely as t ---+ 00, where T} > 0 depends only on the given sequence {Xn }.
From (*) one easily passes from theorems on Brownian motion, such as various
types of LIL's, to the corresponding theorems for the sequence {Xn }. For example,
since

.
11m
sup
t~oo

Wt
yf2tloglogt

=

I

almost surely, dividing both sides of (*) by yf2t log log t immediately gives a similar
result for Ut . In fact, this does not even use the full strength of the error estimate
O(t1/2-rJ). In the same way, Stout's [Sto] LIL for martingales, from which we will
obtain the upper half part of our LIL for harmonic functions, follows from a weaker
version of (*) in Philipp and Stout [PSI] (Theorem 6.1.4 in Chapter 6 below).
Thus, in this sense our LIL for harmonic functions, Theorem 3.0.4 below, is really
reduced to the LIL for Brownian motion: the harmonic function is approximated
by martingales which are in turn approximated by Wt. We direct the interested
reader to Hall and Heyde [HH] for an extensive presentation of invariance principle
techniques, as well as an abundance of references concerning these.
Our other good-A inequality, and a Chung-type LIL for the nontangential
maximal function and Lusin area function will involve sharp estimates which control A by N. These will be obtained in a more straightforward way, that is,
we will not need to reduce to the case of martingales; yet, we will rely heavily on the probabilistic techniques. Our strategy will be to first prove good-A
inequalities in unbounded Lipschitz domains, that is, domains D of the form
D = {(x, y) E IRn+1 : y > ¢(x)}, where ¢(x) : IR n ---+ IR is a Lipschitz function;
these turn out to be a natural analogue of stopping times in probability. The point
we wish to stress here is that, as we will show in Section 4.2, once the Lipschitz
domain inequalities are proved, one can literally copy line by line the martingale
proofs of the LIL's over to the harmonic functions setting. These applications are
lila raison d'etre" for our study of Lipschitz domains in this monograph.
In addition to X* and S(X), there is a third random variable associated to a
continuous martingale Xt. To define this, consider the quadratic variation process
(X)t of X and define a measure J-L on IR by J-L(E) = d(X)t({t : X t E E}) where
d(Xlt is the Riemann-Stieltjes measure on [0,(0) associated to the nondecreasing
function (Xk Levy [LeI] showed that J-L is absolutely continuous with respect to
Lebesgue measure so that there exists a function L( a), called the 'local time', so
that J-L(E) =
L(a)da for every Borel set E S;;; R Set L* = sup{L(a) : a E IR};
the random variable L* is called the maximal local time. Gundy [Gul] proposed
the following harmonic analysis analogue of L *: Let u be harmonic in IR~;+ 1 and let
r E R Then (u(s, t) - r)+ is subharmonic in IR~:+l so its distributional Laplacian,

IE
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~ (u( s, t)

- r) +, is a positive measure on lR~+1. We then set
Dau(x; r) =

r

Jr",(x)

and

Dau(x)

~(u(s, t) -

r)+e-ndsdt

= sup{D",u(x;r): r

E

lR}.

It turns out that D",u(x; r), called the density of the area integral, is a harmonic function analogue of L(a) and D",u(x) , called the maximal density, is an
analogue of L *. This is not quite apparent from our short preceding discussion,
but will become clear in Chapter 5 when we discuss D",u(x) in detail and present
a change of variables formula due to Gundy and Silverstein [GS]. This change of
variables formula is the analogue of the "occupation times formula" (see Revuz and
Yor, [RY, p. 209]) for the local time. The function D",u(x; r) can also be defined,
as in Gundy [Gul], in terms of the conditional expectation ofthe local time of the
martingale obtained by composing the harmonic function u with the Brownian
motion in the upper half space. From this representation, one can already obtain
many interesting boundedness properties of this functional. In Davis [Dav2], and
independently, in Bass [BasI], good-A inequalities relating X* and L*, and S(X)
and L * are proved. In this monograph, we will prove sharp versions of these for
N",u and D",u, and A",u and D",u. Again, this will be deeper than simple analogy. The proofs utilize exactly the same ideas as our proofs of good-A inequalities
for N", u and A", u. One of these can be reduced to the case of martingales and
the others are proved using estimates on Lipschitz domains coupled with stopping
time arguments. Again, this use of probabilistic ideas and techniques will allow
us to obtain inequalities that are in some sense the sharpest attainable and the
subgaussian nature of these estimates will again lead to LIL's, this time of the
Kesten-type [Kel].

Organization
We have organized the material as follows. In Chapter 1 we present much of the
basic material on harmonic functions that we use in this monograph. This chapter can, and probably should, be skipped by those with a solid knowledge of the
basic principles of harmonic functions, without affecting the reading of the rest
of the monograph. In Chapter 2, we introduce the technique of approximation by
martingales, that is, our "invariance principle" which approximates u(x,2-n) by
a dyadic martingale In with error controlled by an appropriate version of A",u(x).
We state those results in some degree of generality because we believe that such
techniques could be applied in various other settings. In Chapter 3, we prove the
Kolmogorov type LIL for harmonic functions. Here we will first use the approximation of Chapter 2 to reduce the upper bound of the LIL to the corresponding
upper bound in the martingale LIL of Stout. We then discuss the lower bound
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of the LIL. The proof of the lower bound follows the standard strategy employed
in proofs of LIL's for weakly dependent sequences, in that it combines the upper
bound with conditional Borel-Cantelli arguments. Unfortunately, the proof is quite
technical. Despite these technicalities, we will strive to illuminate the similarities
with Stout's result for martingales. In Chapter 4, we again use the approximation by martingales to show the good-A inequality which controls N by A. We
then show estimates on Lipschitz domains involving N and A and combine these
with stopping time arguments to give the other good-A inequality involving these
functions. We conclude the chapter with several applications, including a Chungtype LIL for harmonic functions and several ratio inequalities which relate various
quantities involving N and A. In Chapter 5, we use the same ideas to do all of
this for Nau and Dau, and Aau and Dau. These results are then used to show a
Kesten-type LIL for harmonic functions. The chapter concludes with an application of the techniques of the chapter to Brossard and Chevalier's characterization
of L log L within HI. In Chapter 6, we show how to apply our results and techniques to the study of lacunary series and Bloch functions. In particular, we relate
the results contained in this monograph to the classical results concerning these.
Scattered throughout, the reader will find several open problems and questions of
interest.

Notation
We shall use I . I to denote Lebesgue measure. As is customary, C, C l , C 2 , ...
will denote constants which depend only on certain fixed parameters such as the
dimension or the aperture of cones, but whose values may change from line to
line. Likewise, C(a), C((3), Ca., C{3, Ca.,{3,n,'Y"'" etc. will denote constants which
depend on the parameters indicated but whose values may change from line to
line. Finally, we caution the reader against drawing inferences as to the meanings
of notation; the notation herein is somewhat inconsistent. For example,
u( x; t)
represents a version of the Lusin area integral with the integration taken over a
cone of aperture a which is truncated from below at height t with 0 < t < 1
and from above at height 1. However, D~ u( x; r) will represent a version of the Dfunctional with the integration taken over a cone of aperture a truncated at height
1; here the "r" has a completely different meaning than the "t" in A;u(x; t). We do
this not to torment, vex, or confuse the reader but to keep our notation consistent
with that which is already entrenched in the literature. As it is our hope that
this present work will interest the reader in these topics, this choice was made to
facilitate the reader's further investigations into the literature. Nevertheless, some
standardization of notation has occurred. For example, the notations Aau(x) and
Aa. (u) (x) both occur in the sources from which we have drawn this material; we
have settled on Aa.u(x) throughout. For convenience, we have included a notation
index.

A;

xii
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Chapter 1
Basic Ideas and Tools
In this chapter we will introduce the basic definitions, theorems, and some of the
analytic techniques and tools that will be used throughout the book. Here we
will consider harmonic functions and their basic properties, the Poisson kernel,
the Dirichlet problem, HP spaces, and singular integrals. We will then state and
prove some of the classical results relating the nontangential maximal function
and Lusin area function. Our goal is not to give a comprehensive introduction to
these topics, but rather to introduce, as quickly and efficiently as possible, the
requisite background, both mathematical and historical, for what follows in the
subsequent chapters. We provide proofs for most of the results in this chapter,
especially those concerning harmonic functions on half spaces, since these occupy
center stage throughout this monograph. However, it will be impossible, in the
space of an introductory chapter, to present complete proofs of all the material
mentioned above. Although we will be thorough with the development of harmonic
functions, we will merely give references for some of the real analysis tools we will
use, in particular, those results readily attainable in the literature. (We do assume
that the reader is familiar with the rudiments of analysis.) Readers knowledgeable
on these topics may skip this chapter, although it should serve such readers as a
convenient reference. Those wishing a complete and comprehensive introduction to
these topics are advised to consult some of the numerous texts already in existence:
[ABR], [Du], [Fo], [Ga], [Ho], [Jou], [Koo], [St4], [St6], [SW2], [To] and [Zy2]. As we
discussed in the Preface, and as the title clearly indicates, probabilistic ideas and
techniques play an essential role in what we do in this monograph. Much of the
material of this chapter can also be presented from this point of view. In order to
maintain this chapter as short and as elementary as possible, we decided to present
the analytic point of view in this introduction and refer the interested reader to
[Dur] or [Bas2] for the probabilistic approach.

1.1

Harmonic functions and their basic properties

Definition 1.1.1 Let n ~
differentiable function on

be an open set. Suppose u is a twice continuously
that is, all first and second derivatives of u exist and

~n

n,

1
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are continuous. We say u is harmonic on 0 if

D- is called the Laplace operator or Laplacian.
Examples 1.1.2
(i)

If n = 1 the definition implies that a harmonic function must be of the
form u(x) = ax + b, a, bE JR.

(ii)

On C consider an analytic function f(x, y) = u(x, y) + iv(x, y). The
Cauchy-Riemann equations, U x = v y , u y = -Vx imply U xx + U yy =
Vyx - v xy = 0 and Vxx + Vyy = -u yx + u xy = 0, so that the real and
imaginary parts of an analytic function are harmonic.

(iii)

Suppose n > 2. Straightforward computation shows that u(x) = Ixl 2 - n
is harmonic on JRn - {O}. u(x) is called the fundamental solution of the
Laplacian, or the potential kernel, or the Newtonian potential.

Theorem 1.1.3 (Mean value property for harmonic functions) Suppose u is harmonic on 0 ~ JRn and B(a,r) is a ball which has B(a,r) ~ O. Then
u(a)

=

a

(8B~ a, r )) JaB(a,r)
(
u(y)da(y).

Here a is surface measure on 8B(a,r).
Proof: We recall Green's theorem (also known as Green's identity): If W is a
domain with piecewise C 1 boundary and if a and {3 are C 2 functions on an open
set containing W, then

Ivw aD-{3 - {3D-adx

1

=

aw

8{3

8a

81/

81/

a - - (3-da.

Here dx denotes the usual Lebesgue measure on JRn , da is surface measure on 8W,
and
denotes differentiation in the direction of the outward normal to W.
We first suppose n > 2. Apply Green's theorem to the functions u(x) and
Ix - al 2- n on B(a,r)\B(a,c:), where c: < r is small. This yields:

tv

(

J B(a,r)\B(a,e)

(

JaCBCa,r)\B(a,c))

u(x)D-(lx - aI 2 -

(Ix -

u(x) :
1/

n)

aI 2 -

-Ix -

n)

-Ix -

aI 2 - n D-u(x)dx
al 2 -

n

~u

1/

=

(x)da.

(1.1.1)
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On B(a, r)\B(a, E), u(x) is harmonic as is Ix - al 2 - n by example 1.1.2(iii). Thus
the left hand side of (1.1.1) is zero. Also, tv Ix - al 2 - n = (2 - n) Ix - al 1- n tvlx - al.
On aB(a, r), tv Ix - al = 1 and on aB(a, E), tv Ix - al = -1. Thus, on aB(a, r),
tv Ix-aI 2 - n = (2-n)r 1- n and on aB(a,E), tv Ix-aI 2 - n = -(2-n)E1-n. These
observations allow us to rewrite (1.1.1) as

0= (2 - n)r 1- n {

uda - (2 - n)E 1- n (

JaB(a,r)

- r

2-n {

uda

JaB(a,e)

(1.1.2)

au d
2-n (
au d
au a - E
JaB(a,e) au a.

JaB(a,r)

Apply Green's theorem to the functions u and 1 on B(a, r). This yields:

u~l - l~u dx = (

{
J B(a,r)

This quickly reduces to 0
(1.1.2) reduces to

J aB(a,r)

=

--1
1
En -

~~ da and similarly,

JaB(a,r)

1

aB(a,e)

u a1 _ 1 au da.
au
au

uda

=

- -11

rn -

1

aB(a,r)

JaB(a,e)

~~ da = O. Thus

uda.

(1.1.3)

Since a(aB(a, E)) = En - 1W n _1, a(aB(a, r)) = r n - 1W n _1, where W n -1 is a constant
depending only on n (its precise value is inconsequential here; see Remark 1.2.2
below), (1.1.3) may be rewritten as
1

a(aB(a,E))

l

aB(a,e)

uda =

1

a(aB(a,r))

1

aB(a,r)

uda.

Since u is continuous at a, we can let E ---* 0 in this last expression to obtain the
conclusion of the theorem.
When n = 2, the result can be proved using the exact same argument with
the function log Ixl in place of IxI 2 - n . Because log Ixl is locally the real part of an
analytic function, it is harmonic.
When n = 1, we have already observed that this implies u is linear. The
result is clear in this case.
We remark that the Green's theorem techniques of this last proof and variations of this argument will be used repeatedly in this text - already again in the
next section, and especially throughout Chapters 4 and 5. As a consequence of
this last theorem we have:
Theorem 1.1.4 Suppose ¢ E L1(JR.n) is radial, that is, ¢(x) = f(lxl) for some
f: [0,00) ---* JR., and suppose fr~n ¢( x )dx = 1. Let 0 <;;:: JR.n be a domain and u
harmonic on O. Then if a E 0, and supp ¢(. - a) <;;:: 0,

u(a)

=

¢(x - a)u(x)dx.

{

JlR

n
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Proof: Write the integral Irr~n ¢(x - a)u(x)dx in polar coordinates and use Theorem
1.1.3.
Corollary 1.1.5 Suppose u is harmonic on a domain 0
Then

u(a)
Proof: Take ¢(x)

= IB( 1 )1 (
a,r

JB(a,r)

~

ffin and B(a,r)

~

o.

u(x)dx.

= XB(O,r) (x) IIB(O,r)1 in Theorem 1.1.4.

Theorem 1.1.6 (The maximum principle for harmonic functions) Let 0 ~ JRn be a
connected domain and let u be harmonic and real valued on O. Then if u attains
a maximum in 0, u must be constant in o.

Proof: Suppose u attains a maximum at a E O. Choose r > 0 such that B(a, r) ~ O.
Then since u(a) is the average of u over B(x,r) by Corollary 1.1.5, and u is
continuous, we must have u(x) == u(a) on B(a,r). Hence the set {x E 0: u(x) =
maxyEf! u(y)} is open. By continuity, this set is also closed. Then by connectedness,
this set is all of o.
Corollary 1.1.7 If u is harmonic on a bounded connected domain 0 and continuous
on 0, then u attains its maximum on 80.

Proof: 0 is compact so u attains its maximum somewhere on O. If the maximum
is attained in the interior, the theorem and the continuity of u on 0 imply u is
constant on 0 hence, in this case the maximum is also attained on 80.
Remarks 1.1.8 A function u defined on a domain 0 is called subharmonic on 0
if it is upper semicontinuous and if for each a E 0 there exists an ro > 0 (which
depends on a), such that whenever r < ro, then B(a,r) ~ 0, and

u(a)

~

IB( 1 )1
a, r

(

JB(a,r)

u(x)dx.

(1.1.4)

We note that this was the only property of u used in the proof of Theorem 1.1.6. '
Consequently, the maximum principle remains valid for subharmonic functions.
If u is C 2 on a domain 0, the Green's theorem argument of Theorem 1.1.3
can be adapted to show that if b.u 2': 0 on 0, then

u(a) <
1
- a(8B(a,r))

1

8B(a,r)

uda

whenever B(a, r) ~ O. Arguing as in Theorem 1.1.4 and Corollary 1.1.5 leads to
the conclusion that then u satisfies (1.1.4). Consequently, if u is C 2 on a domain
o and if b.u 2': 0 on 0, then u is subharmonic on O.
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A function u defined on a domain n is called super harmonic if -u is subharmonic. Equivalently, we could require u to satisfy an inequality like (1.1.4),
but with the :s; there replaced by?:. Because of this simple relationship between
subharmonic and superharmonic functions, there is no need to discuss both. Accordingly, we will not mention superharmonic functions again.

1.2

The Poisson kernel and Dirichlet problem for the ball

The mean value property for harmonic functions essentially says that we can recover the value of a harmonic function at the center of a ball by taking its average
over the surface of the ball. Our first goal in this section is to show that the value
of a harmonic function at a point within a ball (not necessarily the center) can be
obtained by taking a weighted average of the harmonic function over the surface
of the ball.
Definition 1.2.1 Let B denote the unit ball in ]Rn and Wn-l denote the surface
area of aB. For x E B, y E aB we set P(x, y) = Wn-l
_1_11--:.!xll:.
P(x, y) is called the
X
Y
Poisson kernel for B.
n

Remark 1.2.2 Wn-l = ~(;); see [Fo] or [SW2] for this computation. With this
notation, Wn represents the surface area of the ball in ]Rn+l, so that Wn is the
surface area of an n-dimensional manifold. Other authors let Wn denote the surface
area of the ball in ]Rn. For us, the actual value of Wn is irrelevant; what is important
is that the constant in P(x, y) is chosen so that Lemma 1.2.5(b) below holds.
Theorem 1.2.3 Suppose u is harmonic on the unit ball B of]Rn and continuous
on B. Then for x E B,
u(x) =

r

JaB

P(x, y)u(y)da(y).

Proof: The proof is similar to the proof of the mean value theorem for harmonic
functions. In fact we note that if x = 0 the conclusion of the theorem is exactly the
mean value theorem for harmonic functions. So we may suppose x ¥- O. We first
consider the case n > 2. We fix x E B and apply Green's theorem to the functions
u(y) and

on the domain B\B (x, E:), where E: is chosen so that B (x, 2E:)
this we first claim:

~

B. Before doing

1. Basic Ideas and Tools
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(i)
(ii)

G(x,y) = 0 if IYI = 1
G(x, y) is harmonic on B\B(x, E) (as a function of y).
To see i) we use the identity

I~ -IY1xl = II~I

-lxlyl, x E

]Rn,

YE

]Rn,

x-=l-

0, Y -=I- 0 which follows readily by squaring the expressions on each side of the
equation. Thus, if IYI = 1 and x -=I- 0,

So if IYI

= 1, x

-=I- 0,

which is i). To see ii) note that neither x nor 1~2 is in the domain B\B(x,E) so
that ii) follows from example 1.1.2(iii). Now applying Green's theorem we obtain:

1

r

JB\B(x,c)

G(x, Y)~yu(y) -

u(Y)~yG(x, y)dy =

au
a
G(x, Y)a(Y) - U(Y)aG(x, y)dCT(Y)
o(B\B(x,c))
Vy
Vy

(1.2.1)

Here we have written ~y and O~y to emphasize that derivatives are both taken
with respect to y. The harmonicity of u(y) and G(x, y) on B\B(x, E) immediately
imply that the left hand side of (1.2.1) is o. Also, if y E B, G(x, y) = O. Then
(1.2.1) reduces to:

1

oB(x,c)

We want to let

a
G(x, Y)aU(y)dCT(Y)
Vy

10

1
+l
=

aG
U(Y)a(X'
y)dCT(Y)
Vy
aG
U(Y)a(X' y)dCT(Y)·
oB(x,c)
Vy
oB

(1.2.2)

lOin (1.2.2). We note that since 1~2 tj. B, then G(x, y)

O(ly - xI
for y E aB(X,E) as 10 1 o. Further note that ..jLu(y)
is bounded on
VVy
a neighborhood of x. Thus, for 10 small,
2- n )

r

I JOB(x,c) G(x, y)

>la U(y)dCT(y) I <
uVy

C

r

Iy - xI 2 - n dCT(y)

JOB(x,c)

CE 2 -

n

r

dCT(y)

JOB(x,c)

E2 - n En -

1

=

CE
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which tends to 0 as E 1 o. Also, for y E 8B(x,E),

~
G(x,y) =(2_n)ly_xll-n~
8v
8v

Iy-xl-

y

y

=(2 _ n)El-n( -1) _

~(lxI2-nIY_
8v
y

2 n
x21- )
Ix I

~ (IX I2 - n ly _ ~12-n).
2
8vy

Ixl

The second term is bounded for all y in a neighborhood of x. Then
lim

r

E: ..... OJaB(x,E:)

u(y)

~G

uVy

(x, y)da(y)

-lim

r

=

lim

r

E: ..... OJaB(x,E:)

E: ..... O JaB(x,E:)

u ",8

uVy

-(2 - n)E1-nuda

2 n
(lx I2 - n l y _I_
x 1 - )da(y).
x I2

(1.2.3)

and the second term on the right hand side of (1.2.3) vanishes. Since u is continuous
at x and a(B(x, E)) = Wn_1E n- 1, (1.2.3) becomes
lim

r

E: ..... O JaB(x,E:)

Then, letting

E

u(y)

~G

uVy

(x,y)da(y)

=

-(2 - n)wn-lu(X).

lOin (1.2.2) yields:

u(x)

= (

\

r

2 - n Wn-l JaB

u(y)

The proof will be completed by showing that

8G~x, y)
Vy

da(y)

(2~n) g~ (x, y)

=

(1.2.4)

I~~~I:. We have:

